Introduction
In this paper we are concerned with spacelike convex hypersurfaces of positive constant (K-hypersurfaces) or prescribed Gauss curvature in Minkowski space R n; 1 ðn f 2Þ. Any such hypersurface may be written locally as the graph of a convex function x nþ1 ¼ uðxÞ, x A R n satisfying the spacelike condition 
ð1:2Þ
where c is a prescribed positive function (the Gauss curvature). Our main purpose is to study entire solutions on R n of (1.1)-(1.2).
For c 1 1 a well known entire solution of (1.1)-(1.2) is the hyperboloid
which gives an isometric embedding of the hyperbolic space H n into R n; 1 . Hano and Nomizu [11] were probably the first to observe the non-uniqueness of isometric embeddings of H 2 in R 2; 1 by constructing other (geometrically distinct) entire solutions of (1.1)-(1.2) for n ¼ 2 (and c 1 1) using methods of ordinary di¤erential equations. Using the theory of Monge-Ampère equations, A.-M. Li [12] studied entire spacelike K-hypersurfaces with uniformly bounded principal curvatures, while the Dirichlet problem for (1.1)-(1.2) in a bounded domain W H R n was treated by Delanoë [8] when W is strictly convex, and by Guan [9] for general (non-convex) W. In this paper we are interested in entire spacelike K-hypersurfaces, and more generally hypersurfaces of prescribed Gauss curvature, without a boundedness assumption on principal curvatures.
Our first goal is to classify all entire spacelike K-hypersurfaces with symmetries, i.e. those invariant under a subgroup of isometries of R n; 1 , extending the results of HanoNomizu [11] to higher dimensions. We will focus on hypersurfaces which are rotationally symmetric with respect to a spacelike axis, as a rotationally symmetric entire spacelike K-hypersurface with other types of axes either does not exist (when the axis is lightlike) or is congruent to a rescaling of the standard hyperboloid (1.3) (when the axis is timelike). These surfaces will be constructed in Section 2 where we will study their properties and asymptotic behavior at infinity. As we will see in Section 4, understanding these surfaces is crucial to our study of the Minkowski type problem described below. One of our main results in Section 2 states that these symmetric K-hypersurfaces are complete with respect to the induced metric from R n; 1 .
For general entire spacelike K-hypersurfaces it is an important question to understand their asymptotic behavior at infinity. Li [12] proved that an entire spacelike Khypersurface given by a convex solution u A C y ðR n Þ of (1.1)-(1.2) has uniformly bounded principal curvatures if and only if DuðR n Þ ¼ B 1 ð0Þ, the unit ball in R n . On the other hand, as we will see in Section 2 there do exist entire K-hypersurfaces with unbounded principal curvatures. As in the case of hypersurfaces with constant mean curvature which was treated in [13] and [7] , the asymptotic behavior of an entire spacelike K-hypersurface can be characterized by its tangent cone at infinity. (See Section 3.) Finding entire spacelike K-hypersurfaces with prescribed tangent cones at infinity is more subtle. A substantial difficulty is due to the fact that spacelike K-hypersurfaces do not admit a priori interior uniform bounds which keep them from becoming null. To overcome this di‰culty we adopt a variational approach, following an idea from [10] , that allows us to introduce an appropriate class of weak solutions, called admissible maximal solutions, to (1.2) which may only satisfy the weakly spacelike condition jDuj e 1: ð1:4Þ
The details will be discussed in Section 3 where we consider the existence and regularity of entire weak solutions to (1.2) with prescribed tangent cone at infinity.
Another interesting approach to finding entire spacelike hypersurfaces with prescribed Gauss curvature and tangent cone at infinity is to consider the Minkowski type problem of prescribing the Gauss curvature as a function (defined on a domain W in H n , the unit sphere in R n; 1 ) of the unit normal vector of the prospective hypersurface. This was indeed the approach employed by Li [12] who considered the case when the function is defined on the whole space H n (or equivalently B 1 ð0Þ H R n via the Legendre transformation), coupled with a smoothness requirement on the asymptotic behavior at infinity of the prospective solution graphðuÞ (in terms of x Á DuðxÞ À uðxÞ). With the aid of the K-hypersurfaces constructed in Section 2, we will extend Li's result to allow Lipschitz boundary data for n ¼ 2, which geometrically seems to be a more natural assumption. Another challenging problem is to study more general cases where the function is prescribed on only part of H n . In this paper we are able to treat the case
This part of the work is included in Section 4. We hope to come back to the problem in future work.
The corresponding questions for spacelike hypersurfaces of constant mean curvature have received considerably more intensive investigation. In their remarkable work on the Bernstein theorem for maximal hypersurfaces which extends earlier results of Calabi [5] to higher dimensions, Cheng-Yau [6] proved that entire spacelike hypersurfaces of constant mean curvature in R n; 1 are complete (with respect to the induced metric) and have uniformly bounded principal curvatures. Subsequently, Treibergs [13] and Choi-Treibergs [7] studied the asymptotic behavior at infinity of entire spacelike graphs of constant mean curvature and treated the existence of such hypersurfaces with prescribed tangent cone at infinity. In [1] Bartnik-Simon dealt with the Dirichlet problem for the equation of prescribed mean curvature. While our results indicate that there are significant di¤erences between entire spacelike hypersurfaces of constant Gauss curvature and those of constant mean curvature, it seems to be an interesting open question whether an entire spacelike K-hypersurface must be complete. the Department of Mathematics at University of Tennessee and he wishes to thank them for their hospitality.
Entire spacelike K-hypersurfaces with SO(nC1, 1) symmetries
In this section we will classify all entire spacelike K-hypersurfaces which possess a rotational symmetry with respect to a spacelike axis. Up to rescaling any such hypersurface is congruent in R n; 1 to the graph of a convex solution of (1.1)-(1.2) with c 1 1 of the form We first recall some basic local formulas for the geometric quantities of spacelike hypersurfaces in the Minkowski space R n; 1 which is R nþ1 endowed with the Lorentzian metric
A spacelike hypersurface M in R n; 1 is a codimension-one submanifold whose induced metric is Riemannian. Locally M can be written as a graph x nþ1 ¼ uðxÞ, x A R n , satisfying the spacelike condition (1.1). The induced metric and second fundamental form of M are given by where Du ¼ ðu x 1 ; . . . ; u x n Þ and D 2 u ¼ fu x i x j g denote the ordinary gradient and Hessian of u, respectively. We will use 'u to denote the gradient of u on M. Note that the norm of 'u (with respect to the induced metric on M from R n; 1 ) is
where
is the inverse matrix of fg ij g. The Gauss-Kronecker curvature, which is the product of the principal curvatures (i.e. the eigenvalues of the second fundamental form with respect to the metric of M), and the mean curvature of M are given by
ð2:9Þ and, respectively 
2 e j e n;
2 e i; j e n ð2:15Þ
and therefore,
The Gauss curvature of the spacelike hypersurface M in R n; 1 is thus given by
ð2:16Þ
while, by (2.12) and (2.15), the principal curvatures are We summarize some of our observations in the following.
The following results hold: (e) Suppose g is another solution of (2.19) satisfying gð0Þ > 0 and jg 0 ð0Þj < 1. Then either g 1 ð1 À cÞ 1=n , which is possible only when c < 1, or there exists t 0 A R such that gðtÞ ¼ f ðat þ t 0 Þ where a ¼ 1 or À1.
We may assume t 0 > 0 and 0 e f 0 < 1 in ½0; t 0 Þ. Then
However, by (2.19),
This contradiction shows that j f 0 j < 1 wherever the solution exists. By the theory of ordinary di¤erential equations we see the solution extends to the entire R. This proves (a). Letting t ! Ày we reach a contradiction, which implies (d).
Finally, to prove (e) we observe that if g is not constant then it also satisfies (2.18). From the proof of (b) we see that g is unbounded above on R. There exist therefore
By the uniqueness of solutions we havef f ¼ g. The proof is complete. r By Lemma 2.1 when c > 1 the corresponding function u given by (2.1) fails to be smooth in R n while when c e 1 the resulting hypersurface is a smooth spacelike strictly convex entire graph. Our next lemma enables us to classify these surfaces.
2 Þ Àn=2 À a n e 1 and let f be the solution of (2.18) and (2.20) on R. 
Proof. We first consider the case c ¼ 1. Suppose f 0 ðt 0 Þ ¼ 0 for some t 0 A R. Then f ðt 0 Þ ¼ 0 by (2.19) and therefore f 1 0 by the uniqueness of solution, which is a contradiction. Thus f 0 > 0 on the entire R. Since f is convex and bounded below from zero, we have f 0 ðtÞ ! 0 and hence f ðtÞ ! 0 by (2.19) as t approaches negative infinity. This proves (a). Now suppose c < 1 and let h be the unique solution of (2.18) satisfying h 0 ð0Þ ¼ 0 and hð0Þ ¼ ð1 À cÞ 1=n > 0. Then h is an even function as hðÀtÞ is also a solution of (2.18) satisfying the same initial conditions. By Lemma 2.1 (e) we have hðtÞ 1 f ðt þ tÞ for some t A R. r It follows from Lemma 2.1 that for each constant c e 1, up to a translation and reflection there exists a unique positive solution f c of (2.13) and (2.18) which satisfies (2.19) on R. According to Lemma 2.2 we will assume throughout the paper f c is even for c < 1, and that f 1 is chosen so that f 1 ð0Þ ¼ 1 and f 0 1 ðtÞ > 0 for all t A R. Note that f 0 ðtÞ ¼
. Let H c denote the graph of u c ðxÞ :
We see that H c is a spacelike entire graph of constant Gauss curvature one in R n; 1 . Our main result of this section is the following characterization of H c . Proof. Note that the principal curvatures are given by (2.17). Part (b) therefore follows from Lemma 2.2 and Lemma 2.1 (b), as does part (c) in view of (2.11).
To prove part (a) we write f ¼ f c and u ¼ u c . Let aðsÞ ¼ À xðsÞ; uðsÞ Á , s A ½0; LÞ be a geodesic ray on H c parametrized by arc length such that jxðsÞj ! y as s ! L. By (2.14) we have log uðsÞ À log uð0Þ e
It follows that L ¼ y since u is a proper function on R n in this case.
We now consider case c ¼ 1 and assume f 0 > 0. Suppose there exists some constant N > 0 such that x 1 ðsÞ f ÀN for all 0 e s < L. We then have L ¼ y as in the previous case (c < 1) since, by Lemma 2. Let g ij be the metric of H 1 . We claim that
This follows from the following calculations
and
Using (2.24) we obtain Remark 2.5. Up to rescaling any entire spacelike K-hypersurface M in R n; 1 which is rotationally symmetric about a spacelike line is congruent to H c for some c < 1 if the principal curvatures of M are uniformly bounded, and to H 1 otherwise. These K-hypersurfaces will be used to construct barrier functions in our study of the Minkowski type problem in Section 4. For this purpose we need to know more accurate asymptotic behavior at infinity of these hypersurfaces. The rest of this section is devoted to this topic. Our main tool is the following comparison result for solutions of (2.18). For a solution f of (2.13), (2.18) we denote C f 1 ð1 À f 02 Þ Àn=2 À f n e 1.
Lemma 2.6. Let f and g be positive solutions of (2.13), (2.18) with C f < C g e 1. Then (a) j f 0 ðtÞj < jg 0 ðtÞj wherever f ðtÞ < gðtÞ; and
Moreover, f 0 ðtÞ > g 0 ðtÞ for all t > t 0 and f 0 ðtÞ < g 0 ðtÞ for all t < t 0 .
Proof. Clearly (a) follows from equation (2.19). To prove (b) let h ¼ f À g. Since C f < C g we have h > 0 by (2.19 ) and, therefore, h 00 > 0 by (2.18) whenever h 0 ¼ 0. Consequently, h attains a positive local minimum at any critical point. This implies that h can have at most one critical point; (b) is thus proved. r The limit exists since F 1 ðtÞ < 0 and F 0 1 ðtÞ < 0 for t < 0. Suppose A < 0. Since F 1 ðtÞ < A for t < 0 and f 1 ðtÞ ! 0 as t ! Ày, there exists T < 0 such that Letting t ! Ày we obtain a contradiction lnj f 1 ðTÞ þ Aj À lnjAj ¼ Ày:
This proves (2.26).
We next prove (2.25) for c < 0; the proof for 0 < c e 1 is similar and will be omitted. In the rest of this proof let c < 0 be fixed. where x ¼ ðx 1 ; xÞ A R n is uniquely given by Du c ðxÞ ¼ y. Letting y approach an arbitrarily fixed point on qW c we obtain (2.32) from Theorem 2.8 and (2.11). r This proves to be useful in Section 4 where we will also need the following lemma. 
The tangent cone at infinity
In this section we first characterize the tangent cones for entire spacelike convex hypersurfaces in Minkowski space with bounded Gauss curvature. We then will consider the problem of finding such K-hypersurfaces with a prescribed tangent cone at infinity. Let u be an entire convex solution of (1.1)-(1.2) with 0 < c 1 e c e c 2 on R n where c 1 , c 2 are constant. Consider Following [7] and [13] we call V u the blowdown of u at infinity. Note that, by (1.1) and the convexity of u, V u is well-defined and convex on R n , Thus the limit in (3.1) is uniform on compact sets by Dini's Theorem. Consequently, we can find r 0 > 0 such that Letting r ! y we obtain
which is a contradiction. r
Recall that the set of subdi¤erentials of a convex function v at a point x 0 A R n is defined as
Obviously, T v ðx 0 Þ is a closed convex set and equals Dvðx 0 Þ if v is di¤erentiable at x 0 . We call T V u ðR n Þ the tangent cone at infinity of graph u. Using Lemma 3.1 one can show as in [7] that By (3.2), we therefore obtain (3.7). The following lemma can also be shown as in [7] .
Lemma 3.2. T V u ð0Þ is the convex hull of T V u ð0Þ X qB 1 ð0Þ. In particular, T V u ð0Þ has no interior strictly extremal points. Moreover,
It is a natural question to find entire K-hypersurfaces with a given tangent cone. In order to treat this problem we introduce a class of weak solutions to (1.2) and discuss their basic properties.
For a domain W L R n and a nonnegative function c defined on W Â R, let A½c; W denote the collection of weakly spacelike, locally convex subsolutions (in the viscosity sense) of (1.2) in C 0 ðWÞ. We call u A A½c; W an admissible maximal solution of (1.2) in W if Proof. We first assume that W 0 is smooth and bounded, c A C y ðW 0 Â RÞ, c > 0, and u A C 2 ðW 0 Þ. Using u as a subsolution, we can apply a theorem in [9] to obtain a spacelike locally strict convex solution v A C y ðW 0 Þ of (1.2) satisfying v f u in W 0 and v ¼ u on qW 0 . By Lemma 3.4 (below) we have
Replacing u by v on W 0 , we obtain a functionũ u A A½c; W. By the definition of admissible maximal solutions we see that the equality holds and therefore v ¼ u in W 0 . By an approximation argument we prove the lemma in the general case. r Lemma 3.4. Let u 1 ; u 2 A C 0; 1 ðWÞ X C 0 ðWÞ be spacelike and satisfy u 1 f u 2 in W and u 1 ¼ u 2 on qW. Suppose u 1 is convex, or more generally, the spacelike graph of u 1 in R n; 1 has nonnegative generalized mean curvature almost everywhere, that is
The equality holds if and only if u 1 ¼ u 2 in W.
Proof. Let S i denote the graph of u i in R nþ1 over W and Consequently by the divergence theorem
The last inequality follows from
Obviously, all the equalities hold if and only if u 1 ¼ u 2 in W. r
We now state our existence result of this section. where GðEÞ denotes the convex hull of E, and
Proof. By a theorem of Choi-Treibergs [7] there exists a spacelike entire graph x nþ1 ¼ vðxÞ, v A C y ðR n Þ, of mean curvature one whose tangent cone is GðEÞ. Moreover, v is strictly convex and satisfies
For each integer k f 1, by a theorem of Delanoë [8] there exists a unique spacelike strictly convex solution
Since jDu k j < 1 and jDV E j ¼ 1 where DV E exists, by the maximum principle we have V E e u k e v on B k ð0Þ for all k. Moreover, there exists a subsequence u k j and a weakly spacelike convex function u A C 0; 1 ðR n Þ such that u k j converges to u in C 0; 1 ðWÞ for any bounded domain W in R n . It follows from Lemma 3.4 and the comparison principle that u is an admissible maximal solution to (1.2) . Note that V E e u e v. From V v ¼ V E we obtain (3.10) and therefore (3.9) by (3.6). r
The Minkowski type problem
In this section we consider the Minkowski type problem which provides a natural approach to the problem of finding entire spacelike hypersurfaces of prescribed Gauss curvature. Let M ¼ graphðuÞ be a smooth spacelike strictly convex hypersurface. Then the Gauss map
is a di¤eomorphism from M onto its image in H n . On the other hand, H n can be identified with the unit ball B 1 ð0Þ in R n by the di¤eomorphism
For convenience we will also call n :¼ p n the Gauss map. It is immediately seen that
Thus geometric quantities of M can be viewed as defined via the Gauss map on its image W :¼ nðMÞ L B 1 ð0Þ. Naturally one can consider the Minkowski type problem: given a domain W L B 1 ð0Þ and a function h > 0 on W, find an entire spacelike strictly convex hypersurface M ¼ graphðuÞ whose Gauss map image is W and Gauss curvature at n À1 ðyÞ is given by hðyÞ for y A W where n À1 : W ! M is the inverse Gauss map.
As W has nonempty boundary (in R n ), one needs to impose certain boundary conditions in order to describe the asymptotic behavior of the hypersurface at infinity. To formulate such a boundary value problem, we consider the support function of the graph of u given by the Lorentz inner product hX ; ni ¼ ðx Á Du À uÞ= ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi p 1 À jduj 2 . The expression x Á DuðxÞ À uðxÞ, x A R n leads us to consider the Legendre transform of u u Ã ðyÞ ¼ sup Li [12] treated the Dirichlet problem in W ¼ B 1 ð0Þ for (4.1)-(4.2) with smooth boundary data. From the geometric point of view, it would be natural to consider Lipschitz boundary data, as well as general subdomains of B 1 ð0Þ. Analytically, this is a challenging problem as one has to construct more sophisticated barrier functions to prove that (4.2) is satisfied. (In [12] the barriers are constructed from the function ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi p 1 À jyj 2 which is (minus) the Legendre transform of the hyperboloid (1.3).) Our main results of this section extend the theorem of Li [12] to allow Lipschitz boundary data in dimension n ¼ 2 (Theorem 4.5), and to the case W ¼ B þ 1 ð0Þ (Theorem 4.1) for all n. This is achieved with the aid of the rotationally symmetric K-hypersurfaces H c constructed in Section 2. We first consider the case Proof. For convenience we write c ¼ 1=h and will still use j to denote its harmonic extension to W. Let e k ! 1 be a strictly increasing sequence. By [4] there exists a unique strictly convex so-
By the maximum principle
since v is a subsolution of (4.6) for each k f 1, i.e.
and v e j on qW k . From (4.7) we obtain by the convexity of v k a uniform bound on any compact subset of W for jDv k j independent of k. It follows that v k converges uniformly on any compact set in W to the convex function v A C 0 ðWÞ given by vðyÞ ¼ lim k!y v k ðyÞ; y A W:
Next, for an arbitrarily fixed pointŷ y A qW by subtracting an a‰ne function we may assume jðŷ yÞ ¼ 0 and Djðŷ yÞ ¼ 0. Since j A C 0 ðqWÞ X C y ðq þ WÞ and j is a‰ne on q 0 W we can choose A > 0 su‰ciently large depending on jDjj q þ W such that where e is the unit vector pointing from y 0 toŷ y. However, by the maximum principle and the second inequality in (4.9) which we may still assume to hold, vðyÞ e AlðyÞ þ c This contradicts (4.12), proving our claim. By Ca¤arelli's theorems [2] , [3] and the Evans-Krylov regularity theory v is a smooth strictly convex solution of (4.1) in W. Moreover, from (4.14) which holds for any interior point y 0 A W andŷ y A qW, we see v satisfies (4.2). r 3) is also necessary when n ¼ 2. In general ðn f 2Þ it is necessary to assume j to be convex but not strictly convex at each interior point of q 0 W. This is because if j is smooth and strictly convex at a pointŷ y A B 1 ð0Þ X fy 1 ¼ 0g then the solution is at least of class C 0; 1 up to boundary nearŷ y by the boundary regularity of Monge-Ampère equations. In particular, (4.2) can not hold atŷ y. .2) in a general subdomain W of B 1 ð0Þ, Lemma 3.2 gives a necessary condition on W for its solvability. In particular, when n ¼ 2 it implies W has to be either B 1 ð0Þ or B 1 ð0Þ X fa Á y > cg for some a A R n , jaj ¼ 1 and À1 < c < 1. In all dimensions ðn f 2Þ this latter case can be reduced to W ¼ B þ 1 ð0Þ.
